Implications of additional fundamental scalar fields are regarded as among the most important avenues to explore after the experimental discovery of the standard model Higgs, particularly when there already exist cogent arguments in favor of their existence. A peculiar observation in Higgs-scalar singlet system is tendency of scalar singlet field to have negative squared physical masses which may be a sign of either a tachyon field or symmetry breaking. Assuming that this feature is due to the presence of a phenomenon similar to the conventionally understood Higgs mechanism, Wick Cutkosky model is studied in the parameter space suggested by the classical ground state of the system at Higgs mass 125.09 GeV with positive values for both squared bare masses. The results are found to have strong negative contributions to squared scalar masses. For higher cutoff values, the renormalized squared scalar masses and squared bare couplings are found to qualitatively favor a relationship similar to the one in the classical ground state of the system, upto an additive constant. Higgs propagators remain almost unaffected as observed in a previously explored region of parameter space. However, scalar singlet propagators are found to have relatively different qualitative features in comparison to the previous study of the model. Vertices are found to have qualitatively similar features. No sign of triviality is found.
Introduction
Discovery of Higgs [1] [2] [3] at LHC [4, 5] has certainly validated the standard model (SM) as the most reliable low energy theory, currently available, for phenomenology of particles as seen in accelerator experiments. Despite that there are certain expectations from Higgs in other quantum field theories, Supersymmetry (QFTs) [6] [7] [8] [9] as an example, odds are currently in favor of the SM Higgs boson, particularly in absence of any experimental discovery at LHC [10, 11] related to physics beyond SM. However, as Higgs' discovery raises hopes for more scalar particles to be annexed in the SM or other QFTs, it also necessitates a number of questions to be addressed. Understanding possible extensions of the conventionally understood spontaneous symmetry breaking mechanism (SSBM) [12] [13] [14] [15] [16] is among them. A QFT of scalar fields offer highly suitable playground for these explorations.
There are a number of rationales to assume high prospects of other scalar fields in nature. In recent years, the idea of Higgs providing slow rollover during cosmic inflation [17] caught considerable attention [18] [19] [20] . However, the quartic Higgs coupling is found to be around 0.6 [19] , which is different from the expected value for a successful inflation by orders of magnitudes. It indicates that at least one more scalar should exist in nature to fulfill the role of inflaton. However, it is important to note that relevance of further scalars to inflationary scenarios is a decades old idea [21] in which both Higgs and another scalar field are considered for the so-called hybrid inflationary scenario. Furthermore, scalar fields are also regarded as contributors in the physics related to dark matter [22, 23] beside supersymmetric particles [24, 25] .
One of the triumphs for (minimal) supersymmetry [9] is expecting the Higgs boson with mass less than 135 GeV [3, [26] [27] [28] [29] , despite that supersymmetry is yet to be experimentally discovered [10, 11] . There is known a number of possibilities in supersymmetry, for instance [30] , suggesting a number of scalars providing various extensions to the already known SM [31] . Furthermore, supersymmetry has also been studied in the context of cosmological scenarios [32] .
Despite simplicity of their structure, implications of scalar fields in QFTs are found highly non-trivial. Recently, in a variant [33] of Wick Cutkosky's model [34] [35] [36] [37] [38] it was observed that in some regions of parameter space scalar singlet propagators have negative self energy terms which raised suspicion that in an extreme case the renormalized squared scalar mass may even flip the sign in some region in parameter space as in the well understood SSBM [15, 16] , particularly for the region with small scalar bare masses. It necessitates understanding how renormalized scalar masses manifest in the region equipped with features bearing similarity to the conventional symmetry breaking. Hence, in accordance with current understanding of Higgs mechanism, ground state of the theory becomes a natural choice for selecting the region in the parameter space.
In this paper, the previously explored Wick Cutkosky's model [33] is further studied with the interaction coupling of different orders upto the value of 1.5 in GeVs. The approach of Dyson Schwinger equations (DSEs) [39, 40] is used for the current investigation. In the Lagrangian, no self interactions are considered for either Higgs or the scalar field 1 . Since four point interactions for both fields can be generated by the 3-point Yukawa interaction term, for example using Feynman's box diagrams, Yukawa 3-point interaction is preferred over self interactions.
An implicit assumption throughout the studies is that Wick Cutkosky model is a non-trivial theory. Though, the φ 4 theory is found to be a trivial theory [41] [42] [43] [44] [45] [46] [47] [48] , it is not conclusively established yet that adding further particles and their interactions renders the theory trivial. As for the case of Higgs, which is also a (complex doublet) scalar field, its interactions with gauge bosons [49] have not been found to render the theory trivial, which supports the assumption mentioned above.
There are two related papers, one considering a larger parameter space [50] using a different approach [51] , and the second one [52] considering phenomenological aspects of the theory. There is also a paper [53] which addresses dynamic mass generation in the theory which is a further continuation of studies of the same model.
Technical Details
A significant part of technical details are also reported somewhere else [33] and are included here for the sake of self sufficiency. Euclidean version of the Lagrangian is given by
with Higgs fields (h) with SU(2) symmetry and φ a real scalar singlet field. λ is the three point interaction coupling and has positive definite values. All higher order interactions are kept from the Lagrangian, including the four point self interaction for both fields in favor of a three point interaction vertex term [33] , as also mentioned above. The approach of DSEs [39, 40] is used to extract correlation functions, from which renormalized masses are extracted. Dyson Schwinger equations for propagators, H ij (p) for Higgs and S(p) for scalar singlet fields, in momentum space are given by
with Γ kl (u, v, w) being the three point Yukawa interaction vertex of Higgs, Higgs bar, and scalar fields with momentum u, v, and w, respectively. Higgs and Higgs bar fields have indices k and l, respectively. The renormalization conditions for the propagators [40] are
The momentum setting is such that the Higgs and scalar propagators have momenta normal to each other, while the other Higgs propagator keeps the momentum value required for the four momentum conservation.
The starting expressions of correlation functions, propagators and 3 point vertex in our case, are set to their tree level expressions. For every update of vertex and Higgs propagator, Newton Raphson's method is implemented locally while scalar propagators are calculated directly from Higgs propagators and the vertex between Higgs and scalar field using equation 3. Hence, the propagators are updated or calculated directly from a DSE under the boundary conditions for them. The vertex is update to numerically evolve to the point that the DSEs 2 and 3 are satisfied within the preselected size of local error. Uniqueness of solutions is implicitly assumed.
As there are three unknown correlation functions, a common approach is to use three DSEs, two for the propagators here and a DSE for the vertex [39, 40, 54] . Introduction of a DSE for vertex introduces further higher correlation functions depending on the theory, which eventually sets off a never ending tower of equations. This problem is cured by introducing truncations and modeling higher correlation functions in a number of ways [40] . However, the resulting correlation functions may have model or truncation dependence. It is not unusual to compare results from DSE computations with those from other approaches, such as the method of lattice simulations [51] but this approach also has limitations due to the fact that almost all non-perturbative approaches [51, 54] have their own limitations. On the contrary, the current investigation employs only the DSEs for field propagators while the renormalization conditions are meant to serve as restraints on all the three correlation functions in such a way that they satisfy the two DSEs. Hence, no assumptions or truncations was required for such an approach. The only additional constraint, which is only meant to control the numerical fluctuations, is implemented by requiring that local fluctuations never exceed beyond an order of magnitude in (Euclidean) space-time.
In equation 1, following standard literature [15, 16] , the potential term in the model is given by
As the model contains two fields, the lowest of potential should be dictated by both of them. It leads to the following equation.
which also implies that m
where ν is the vacuum expectation value (vev) of Higgs field. There are two interesting features of equation 7. First, there is no role of the vacuum expectation value from φ field, and only the knowledge of Yukawa coupling, Higgs' vev and Higgs' tree level mass is sufficient to determine the tree level mass of φ field. However, it is important to note that λ is a three point interaction coupling instead of the four point self interaction coupling. As these two types of interactions have different couplings, it is not straight forward to extract value of λ from the four point coupling value. It was circumvented in previous work [33] by introducing a non-dynamic parameter in the theory and fix it from the start. However, this approach may not be helpful here as the objective is to search for regions in parameter space with specific features of the model itself.
Secondly, if there is no significant beyond tree level contributions and tree level mass of Higgs remains essentially the dominant contributor in Higgs renormalized mass, the proportionality may remain established for renormalized masses in the theory. This expectation is reasonable as it has already been observed in this model [33] as well as in other studies [55] .
In this investigation, 10 −5 ≤ λ ≤ 1.5 in GeVs are selected to examine the relationship 7. As the theory has also been found to be cutoff dependent [33] , every considered point in the parameter space is studied using cutoff values at 10 TeV, 20 TeV, and 30 TeV. Maximum acceptable local error for correlation functions is set to 10 −18 . As mentioned above, Higgs bare mass is set at 125.09 GeV throughout the studies.
Gaussian quadrature algorithm is used for numerical integrations.
Propagators

Scalar Propagators
Propagators are the simplest non-zero correlation functions in the theory. They are calculated under the renormalization conditions mentioned in 4-5 for Higgs and scalar singlet fields, respectively. Scalar propagators are shown in figure 1 for different bare couplings and cutoff values. In comparison to the previous investigation of the theory [33] carried out in a different region of the parameter space, scalar propagators manifest themselves markedly differently. On one hand, in ultraviolet region they have the same characteristic of multiplicatively renormalized propagators and considerable difference than the tree level propagators towards the infrared region. However, they do not accumulate in groups in this region of parameter space which was observed before [33] . Since, this behavior persists even in the ultraviolet region, it suggests that the theory may have relatively wider spectrum of renormalized scalar masses which was not as vividly observed in the previous investigation [33] . Furthermore, a general trend is greater the coupling (hence greater the bare masses due to equations 7 and 8), more suppressed the ultraviolet end appears. A peculiar observation is that for the two higher cutoff values (20 and 30 TeVs), scalar propagators are less different than for 10 TeV cutoff. It suggests that, should this trend persist, at a cutoff not far from 30 TeV (say 100 TeV) the propagators may become extremely similar to each other, hence may have very similar masses. If this is true, the choice for scalar propagators in selecting masses for the theory may also reduce drastically. The scalar self energy terms, see figures 2-4, are one of the most interesting results here, particularly in comparison to [33] . The immediate observation is immense negative contributions from them, beside some positive contributions for a number of bare couplings. Most of the bare masses during this investigation are less than 5 GeV. For such small bare masses, even in tree level contribution most of the contributions come from momentum rather than the bare mass. Hence, in this region of parameter space it is much easier for the renormalized masses to receive significant contributions in comparison to the bare mass values. As these contributions appear infrared enhanced, negative contributions may easily change the overall sign of squared scalar masses. Hence, the speculations made in [33] regarding a pole appearing in scalar propagators due to negative renormalized squared scalar masses is strongly favored in the considered region of parameter space. Scalar self energy terms are also in favor of sufficiency of a cutoff not far above 30 TeV in comparison to 10 TeV cutoff.
Higgs Propagators
Higgs propagators are shown in figure 5 2 . In comparison to the previous investigation [33] , in this region of parameter space Higgs propagators do not show remarkable (quantitative) resemblance. An immediate observation is that these propagators behave differently at both infrared as well as ultraviolet end. Hence, the tree structure of propagator does not seem to be as dominant contributor for all the considered parameters. However, the effects are significant for all the momentum values and, despite the presence of contributions beyond the tree level structure, qualitatively Higgs propagators manifest similar behavior, see figure 5 . The quantitative dissimilarities can be seen in the Higgs self energy terms, shown in figures 6-8 (left). There are two distinct behaviors of Higgs self energies. Either it manifests as an almost constant function over a wide range of momentum, or it is an increasing function over a wide range of momentum values. These increasing self energies contribute in suppressing their respective Higgs propagators for large momentum values. However, their contributions in comparison with the tree level structure for smaller cutoff values seem to start diminishing in the vicinity of ultraviolet end, see (right) figures 6-7 while for 30 TeV these relative contributions are qualitatively the same as the tree level, see (right) figure 8. It implies that for higher cutoff values, Higgs propagators tend to take the form of a tree level structure upto a renormalization constant.
A peculiar observation is the presence of negative contributions which are relatively more abundant than in the previously investigated region in parameter space [33] . However, these contributions are far less in magnitude to considerably effect the propagators either qualitatively or quantitatively.
Renormalized Masses
Once the propagators for Higgs and scalar fields are computed, it is relatively straight forward to extract renormalized masses using suitable polynomial fits. The following curve fitting is used for inverse propagators D(p) −1 for both Higgs and scalar propagators.
The results are shown in figures 9 and 10. For Higgs renormalized masses, agreement of masses within 2σ for most of the values of bare coupling is observed, which is in fact an indicative of small corrections coming from self energy terms. It further substantiates understanding of Higgs masses explored previously in the same model [33] as well as some other similar models [55] . As the previous study [33] belonged to scalar masses with entirely different order of magnitude, it supports the speculation that Higgs may have dominant contribution to its renormalized mass from the tree level term of Higgs propagator throughout the parameter space. The situation slightly changes for higher cutoff values as the self energy terms tend to contribute more. However, for higher cutoff values Higgs renormalized masses are found to be loosing dependence on coupling values, see figures 9 (right) and 10 (right), which suggests that beyond some higher cutoff value not far from 30 TeV (such as 100 TeV) the dependence on coupling values will practically be lost and the theory may generate a cutoff independent renormalized mass in the theory. As the figure 10 (right) indicates, 3-point Yukawa interactions have a tendency to generate higher Higgs physical masses than what has been observed experimentally.
The squared scalar renormalized masses (SSRM) have, however, very different manifestation compared to the previously explored region of parameter space [33] . An immediate observation is that SSRM are negative for most of the parameters while squared bare masses for both fields were kept positive throughout the investigation in an attempt to ease numerical implementation of renormalization scheme and to establish a common phase to start computations for entire studies, see figure 10 (left). These negative values further support the speculation made previously [33] regarding the scalar field exhibiting Higgs mechanism-like behavior.
A peculiar observation is that for low cutoff values, the SSRM do not receive significant coupling dependent contributions for most of the couplings, see figure 10 (left). However, a non trivial dependence is observed over a certain region of coupling values as the cutoff is increased, see figures 9 (left) and 10 (left). The apparent trend is that as the cutoff value is increased, relatively wider region of coupling values contributes to the coupling dependent behavior which is qualitatively closer to the equation 7, though one of difference is an additive constant.
Three Point Vertex
Three point interaction vertex is the next simplest correlation function after the field propagators. Throughout the computations, as they do not have a DSE for them, they were updated under the constraints of renormalization conditions for the propagators with the momentum configuration mentioned before. The vertex is defined as
where V(q,p) is the dressing function of the tree level vertex Γ kl (tree) (q, p − q, −p) with q and p being the momenta of Higgs and scalar fields, respectively, while p − q is the momentum of the other Higgs (bar) field.
The vertices for the explored region of parameter space here are found to have, more or less, similar features compared to the ones in the previ- ous studies [33] , though there exist slightly more diversity in this region of parameter space. They have both the two plateau feature as well as the flat function behavior over a large spectrum of momentum values. However, transitory behavior is found more often than in previous exploration, see figures 13 -11 3 .
An immediate observation is that, contrary to what was observed before [33] , the vertices no longer converge to unity in the region of high momentum values for most of the coupling values. Hence, even if the perturbative scenario establishes there is no guarantee that it will be with the vertices converging to unity for the region of higher momentum values of both fields. Deviation from perturbative scenario is already not surprising as it is already seen that the corrections to bare scalar mass values coming from scalar self energy terms are significantly higher than the bare values, see figure 9 -10, while Higgs physical mass is found to be the same within 2σ (for most of the cases), hence a perturbative picture is not necessarily supported.
As mentioned above, there are many parameters for which scalar squared physical mass receives far more contributions from scalar self energy terms than the values of scalar squared bare mass. As in the previous study, such vertices generally have steep momentum dependence with vertices becoming suppressed or larger in value near the infrared end while retaining insignificant dependence over other values of scalar field's momentum. Despite their dependence over cutoff values, it is observed that the vertices tend to have similar qualitative behavior, see (middle) figures 13 -11 for an example. Furthermore, there also exist the same steep ascending or descending behavior for Higgs' case. However, this behavior manifests over extremely close to the infrared end which indicates that even if Higgs mass also receives negative contributions from Higgs self energy terms, the effect may not be drastic, see (top) figures 13 -11 for an example.
For the case of very small coupling values, the vertices tend to strive for maintaining the two plateau behavior. It is also observed that usually the higher plateau is in the higher momentum region, though there also exist transitory vertices as exceptions, see (bottom) figures 13 -11 for example. Such less abundance of these two plateau vertices are understandable since there are relatively many more cases with squared scalar physical masses with high negative values, hence resulting in a different kind of vertices as mentioned above.
Overall, the interaction vertices are found to be significantly different from their tree level structure in terms of their momentum dependence. Hence, a perturbative treatment may not be the correct tool for investigation in the considered region of parameter space, which was also the deduction in previous studies of the model [33] . Hence, it may be the case that the model does not contain any region in its parameter space suitable for perturbative treatment of the theory.
Conclusion
In this paper, a variant of Wick Cutkosky model was examined in the parameter space suggested by the ground state of the system with the custodial symmetry intact in the Lagrangian. Despite its simplicity relative to richer QFTs, such as the SM, the theory is found to have important implications.
Recalling that a very different region in the parameter space was examined, it appears clear that in Yuakwa interactions Higgs propagators remain practically unaffected with Higgs physical mass receiving very small contributions beyond the bare mass of, or around, 125.09. It indicates that, at least strictly in scalar interactions, perturbative picture is highly favored in Higgs interactions in most of the parameter space.
Despite that Higgs is also a (complex doublet) scalar field, singlet scalar is found with entirely different behavior. Its physical mass is found to be strongly depending upon what region in the parameter space is considered. It is known that heavier masses receive relatively smaller contributions beyond the bare mass values. However, for smaller scalar singlet masses, the contributions beyond bare masses are found to be higher by upto 2 orders of magnitude which indicates presence of strong non-perturbative effects which was not observed to this level of severity in previously explored region of parameter space. It leaves the question open, if other interaction terms involving scalar singlet also posses the same features.
The model is found to be generating physical masses which have similar qualitative dependence on bare coupling values as in the ground state of the theory, over a considerable range with higher cutoff values. Given that 3 cutoff values are examined, at this point it is deduced that for higher cutoff values the resemblance may persist in the model. However, the results indicate that the squared physical scalar masses may be produced only at unusually high couplings.
Overall, the vertices retain similar qualitative features as previously found. Hence, the classification set for the vertices in previous study as well as here tend to imply existence of two distinct features of the theory. It does support speculations of 2 phases in the theory. However, distinct behavior of scalar propagators indicate that scalar singlet field in the interactions tends to play vital role than the Higgs field in the Yukawa interaction.
No sign of triviality is found in the parameter space, which further supports the findings in previous exploration. It raises speculations if there exist any islands (regions) in the parameter space which posses such a feature.
As scalar singlet is found to play vital role, particularly in the region of low masses, it begs to explore the model from the perspective of dynamic masses in the theory.
